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Keywords: James Webb Space Telescope’s (JWST) observations since its launch have shown us that there could be very
Modified gravity theory massive and very large galaxies, as well as massive quasars very early in the history of the Universe, conflicting
Anisotropy expectations of the ACDM model. This so-called “impossibly early galaxy problem” requires too rapid star

Cosmological age formation in the earliest galaxies than appears to be permitted by the ACDM model. In fact, this might not

be a high masses problem, but a “time-compression problem”: time too short for the observed large and
massive structures to form from the initial seeds. A cosmological model that could allocate more time for the
earliest large structures to form would be more conforming to the data than the ACDM model. In this work
we are going to discuss how the recently proposed y§CDM model might ease and perhaps resolve the time-
compression problem. In the yS§CDM model, different energy densities contribute to the Hubble parameter
with different weights. Additionally, in the formula for the Hubble parameter, energy densities depend on
the redshift differently than what their physical nature dictates. This new way of relating Universe’s energy
content to the Hubble parameter leads to a modified relation between cosmic time and redshift. We test the
observational relevance of the y§CDM model to the age problem by constraining its parameters with the ages
of the oldest astronomical objects (OAO) together with the cosmic chronometers (CC) Hubble data and the
Pantheon+ Type Ia supernovae data of the late Universe at low redshift. We find that, thanks to a modified
time-redshift relation, the y§CDM model has a more plausible time period at high redshift for large and massive
galaxies and massive quasars to form, whereas the age of the Universe today is not modified significantly.

1. Introduction of the Hubble constant obtained from the late time observations seem
to be upheld with further observations by JWST, the problem could be

Since the seminal paper of Edwin Hubble which declared an ex- in the model dependent calculation of the Hubble constant from the
panding Universe instead of a static one [1], the degree of expansion, Planck data [5]. This could be due to a systematic effect in the analysis
which is given by the value of the Hubble constant HO’ has been SubjeCt of CMB data which mlght come from excess lensing by Surprisingly
of controversy and debate among the observational and theoretical large galaxies at high redshift [19]. Perhaps not only new early-time

cosmologists. Hubble’s original calculation gave a too large value of physics, but together also new late-time physics is required [20] to
H, ~ 500 km/s/Mpc [2], which was because of incorrect cosmological

distance measurements that he used in the analysis. As the observations
improved the value of the Hubble constant was constrained between
values 40-100 km/s/Mpc in the 1980’s and 90’s [3]. Today the value
of the Hubble constant inferred from the late time observations using
distance ladder is H, = 73.30 + 1.04 km/s/Mpc [4] and calculated from
the early Universe cosmic microwave background (CMB) data is H, =
67.37+0.54 km/s/Mpc [5], which are separated with more than 5¢ [3].
This is called the Hubble crisis [6] and there have been numerous
proposals to resolve this crisis [6-14]. If the problem lies in the late
time result, it could be due to the excess systematic errors in the SHOES
result [4], such as the excess brightness, known as the “crowding prob-
lem”, in the observations of Cepheid variables. However, this possibility
is ruled out by the recent JWST’s observations [15-18]. Since the value to be permitted by the ACDM model. For the galaxies to form [53,54]

resolve the Hubble tension. In this work, we study ramifications of
a new model with a modified Friedmann equation [21] that changes
the time-redshift relation throughout the Universe’s history to resolve
various cosmological problems.

Conflict of observational cosmology with the standard ACDM model
of the Universe is not confined only to the value of the Hubble constant.
James Webb Space Telescope’s (JWST) observations since its launch
have shown us that there could be very massive and very large galax-
ies [19,22-30], and massive quasars [31-37] very early in the history
of the Universe, conflicting expectations of the ACDM model [19,29—
31,37-51]. This so-called “impossibly early galaxy problem” [42,52]
require too rapid star formation in the earliest galaxies than appears
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from the initial halo formation to the earliest population III stars to the
observed sizes and masses, there is just not enough time in the ACDM
model [30,38-40,42,48,50,55,56]. A related problem is the mass of the
earliest quasars [37,57]. From a “incredibly massive seed” that might
be formed as a core collapse black hole [37] the observed oldest quasars
require mass accretion on the Eddington or super-Eddington limit for
a very long time. Thus, observations of earliest luminous galaxies and
massive quasars is termed as the JWST mass problem. In fact, this might
not be a high masses problem, but a “time-compression problem” [42]:
time too short for the observed large and massive structures to form
from the initial seeds. A cosmological model that could allocate more
time for the earliest large structures to form would be more conforming
to the data than the ACDM model.

If the formation history of galaxies at high redshift cause a time-
compression problem in ACDM model [55,58,59], then an alternative
model would better solve this problem for the relevant era, not for any
other era for which there is not such a time problem. Most early dark
energy models decrease the sound horizon at recombination and thus
increase the Hubble constant in order to ease or resolve the Hubble
crisis [10,49]. These models decrease the amount of time that passes
between the Big Bang and the recombination. Since the excess dark
component ceases to exist after the recombination such models do not
change the time redshift relation of ACDM after the recombination. Yet
some other models that increase the age of the Universe drastically at
z = 0 [60] are at odd with the calculated ages of the oldest astronomical
objects (OAO). The fact that those objects are seen at most at redshift
z ~ 13 [26,27] and the absolute age of the old globular cluster M92 [61]
disfavor a drastic deviation of the age of the Universe today from the
value calculated in the ACDM model.

In this work, we are going to discuss a new cosmological model that
eases and perhaps resolves the time-compression problem. In a recent
work [21] a new solution to the f(R) gravity field equations in the
anisotropic Bianchi type I background was presented. f(R) theory of
gravity is one of the simplest modifications [62-65] of the Einstein’s
theory, which has an arbitrary function of the scalar curvature R as
its Lagrangian density. Some well-known anomalies in both the early
and the late Universe observational data [66-74] was the motivation
to study cosmology in an anisotropic background, which resulted in
a new model of cosmology that is called the yS§CDM model [21]. The
observed anomalies include: the lack of power in the CMB quadrupole
moment [5,75-80], alignment of the quadrupole and octupole moments
of CMB with each other and the motion of the solar system [81-83], ob-
served power asymmetry between southern and northern hemispheres
of the celestial sphere [84-88], and the existence of so-called cold spots
on the microwave sky [89,90]. These anomalies might collectively be
pointing out the existence of a preferred direction in space [76,78,91-
96].

An anisotropic cosmological background geometry is usually mod-
eled by Bianchi type metrics, among which Bianchi type I metric
is the simplest [77-80,97-104]. Anisotropic expansion is possible in
the case of f(R) gravity [105]. In contrast, in the case of general
relativity with a positive cosmological constant an anisotropic Universe
tends to isotropize asymptotically [106,107]. We also stress that in the
y6CDM model f(R) gravity field equations are not treated as effective
Einstein equations [108-111]. Thus, this model relates the expansion
of the Universe to the energy content of the Universe very differently
compared to the standard ACDM model. In the y5CDM model, different
energy densities contribute to the Hubble parameter with different
weights. Additionally, in the formula for the Hubble parameter, energy
densities depend on the redshift differently than what their physical
nature dictates. This new way of relating Universe’s energy content to
the Hubble parameter leads to a modified relation between the cosmic
time and redshift. Although this model cannot include a cosmological
constant component, a dark energy dynamically depending on redshift
is a possibility.
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We test the observational relevance of the ySCDM model to the
age problem by constraining its parameters with the ages of the OAO,
prepared by Vagnozzi et al. [112] based on galaxies and high-z quasars
with redshifts up to z ~ 8. OAO data requires a half-Gaussian for the
(log-)likelihood function and thus cannot constrain the model parame-
ters completely. Thus, we also best fit the model to cosmic chronome-
ters (CC) Hubble data [113-118] and the Pantheon+ type Ia SNe
data [119-121] of the late Universe at low redshift. We find that,
thanks to a modified time-redshift relation, the ySCDM model has
a more plausible time period at high redshift for large and massive
galaxies and massive quasars to form, whereas the age of the Universe
today is not modified significantly.

This paper is organized as follows: in the next section we summarize
the derivation of the yS§CDM model in the f(R) gravity framework
in an anisotropic background. In Section 3 we first present data sets
with which we constrain the astrophysical and cosmological parameters
and then summarize the data fitting method that we use. In Section 4
we present and discuss the implications of the results of the data fit
analysis. Lastly in Section 5 we summarize our work and scrutinize our
results.

2. Theory
2.1. f(R) gravity, field equations and background

In this section we summarize the derivation of the y6CDM model for
the sake of completeness and to introduce the cosmological parameters
that will be constrained in later sections through data analysis.

The f(R) theory of gravity has an arbitrary function of the scalar
curvature R as its Lagrangian density. Therefore, its action is written
as

S= _% / d*x\/=2[(R)+ S, )

where S,, denotes the action for matter fields, and the Einstein’s
constant in natural units (c = 1) is x = 8zG.

By varying the action (1) with respect to the metric tensor one gets
the field equations as given by

1
fRRMv_ Efguv+(guvD_Vuvv)fR=KTuv (2)
where the energy-momentum tensor is obtained with T, = —\/% ggi,
. v
=9
and we denote fp = 5.

There can be a preferred direction in space which is hinted by sev-
eral observations as summarized in the introduction. We, therefore, use
a Bianchi type I metric as the background geometry and an ellipsoidal
model of the Universe as in [77,79,80]. The Bianchi type I metric is
given by

ds? = —dt* + A@t)*dx* + Bt)*(dy? + dz?), 3)

where A(f) and B(¢) are the directional scale parameters. Using the
relation for the physical volume in terms of A(s) and B(7), an average
scale parameter a(f) can be defined by V(t) = A - B? = a(t).

In terms of A(f) and B(¢) and their time derivatives we define further
parameters as H(t) = %(A/A +2B/B) and S(t) = A/A — B/B, where
H (1) is the average Hubble parameter and S(z) is the shear anisotropy
parameter. The Hubble parameter can be expressed in terms of the
average scale parameter a(f) as H(t) = a/a. The shear scalar ¢2(¢) that
quantifies the anisotropic expansion [122] is related to S2(f) by the
relation S?(t) = 362(¢). For the Bianchi type I spacetime (3) the scalar
curvature is calculated to be R = 12H? + 6 H + 252 /3.

In terms of H(¢) and S(¢) the field equations are given by

252

00) : fgr <3H2+3H+T>—%f—?afRRHR:—Kp, (O]

an : fR<3H2+2HS+H+¥>—%f
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—frR [(ZH - %sm + R‘] — frrrRE = Kp, )

@) : fR<3H2—HS+H—§>—%f

—fri [(2H+%S)R+R’]  FrrrBE = kD, ©)

where the matter content i§ approximated as a perfect fluid. In these
equations we have fpp = Z%; and frrr = Z%.

Since there are no anisotropic pressure components, the left hand
sides of (11) and (22) field equations should be the same. Combining
Egs. (5) and (6) we obtain a trace free Gauss—Codazzi equation [122,

123] given by

S a f R

2 -3 4 L8 7

N [ a " f R] @
Which can be solved to determine f; = % and S(7) as a function of
the scale parameter a(?) as

- =%
fR_aii_—ﬁ and S—aE, (8)
after assuming that time dependence of S(¢) is such that S = —eH S.
In the above relations, ¢ and s, are just the integration constants. For
simplicity, we will set ¢ = 1 in the rest of this work. The field equations

then become

—f 3H2+3H+2—S2 +1f+3Hf' 9
R 3 2 R

Kp

Kp fR(3H2+H)—%f—2Hf'R—fR. (10)

2.2. Solution to the field equations

Shear dissipates as S? « a® in general relativity. In the f(R) =
R + aR? gravity, however, it is expected that shear dissipates more
slowly [122,124]. In a general f(R) gravity, the contribution of shear to
the Hubble parameter is due to 252 /3 term in (9). Thus, the parameter
£ of (8) should be less than three so that shear in f(R) gravity dissipates
slower than its general relativistic analogue. So we choose that

e=3-6 with 0<é6<1 11

The range of § as chosen above is in line with the dynamical systems
analysis and equation (60) of [122].
To solve the field equations ((9) & (10)) we first assume that the
Hubble parameter has a polynomial dependence on a as given by
h
2 _ A
H?= ; = 12
where 4 € R. The form of f(a) can then be obtained by integrating
fr(a) (8) and using the form of the scalar curvature R in terms of a.

We find that

s2

A12-34) h;  4B-8) 5
f@=2 115 o T3e=s s N s

where the integration constant is denoted by 2A.

Perfect fluid is composed of the usual relativistic and non-relativistic
components. Dust (m) is the non-relativistic component with vanishing
pressure. A positive pressure radiation (r) and a negative pressure dark
energy (e) compose the relativistic component. Dark energy component
have equation of state parameter w = y/3 — 1 with 0 < y < 2, since
the field equations ((9) & (10)) do not allow dark energy to be a
cosmological constant. Thus, the perfect fluid has total energy density
and pressure as given by

P | Pmo | Pro 14 P 1P
=20 I B0 g p=(t -2 4 200 14
ar a3 ot b (3 )aV 3a* as
where p,, p,o and p,, are the present day dust, radiation and dark
energy densities, respectively.
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We determine possible 4 € R values and solve the Hubble parameter
in terms of the perfect fluid densities by substituting relations ((8), (13)
& (14)) into the field equations. We find

'QeO 1 ‘QmO 1 QrO 1 ‘QSO 1

2 _ g2 L "m0 1 -0 1 .
H® =H b, a5 " by a>0 = by a*b 1-6a52 with
2
S
0
‘QSO = ’
2
9H;
(15)

where we used the dimensionless density parameters, defined by divid-
ing respective densities with the critical density p, = 3H§ /87G. Qy is
the contribution of anisotropic shear to the Hubble parameter and H,,
is the Hubble constant at z = 0. Here the coefficients b, (n =y, 3,4) are
given by

bn=—(1+5—$(n—5)(4+6))~ (16)

In the limit § — 0 the general relativistic solution is obtained. In
that case, one finds b, = b; = b, = 1 and that Q.5+ 2,0+ 2,0+ 2, =1
as it should be for a flat Universe in the ACDM model. In the same
limit, the shear £, diminishes with the sixth power of the average scale
parameter (1/a°) as is the case in general relativity.

The most important difference between this model and the ACDM
model is the existence of the § parameter. This parameter affects both
the contribution of different perfect fluid components to the Hubble
parameter and also how different densities dissipate with the expansion
of the Universe. Coefficients b, for n =y,3,4 (16) depend on the value
of §, and behave like weight factors that determine how much an in-
dividual perfect fluid component contributes to the Hubble parameter.
Since § exists also in the powers of redshift, contribution of the perfect
fluid components to the expansion of the Universe is different from
what their physical nature dictates. For example, radiation component
dissipates with a*, but its contribution to the expansion diminishes
slower with ¢*%. This is also the case for the other perfect fluid
components.

In some solutions of the field equations of the scalar-tensor theories
similar dependence on the redshift was observed [125-127]. Solutions
presented in these works are exact if the perfect fluid has only the
dust component: radiation component cannot be included into the exact
analytical solution and dark energy can only be included “effectively”.
Other than that, in these works, contribution of dust to the expansion
diminishes faster than its actual physical dynamics requires. This is
contrary to our solution here in the f(R) theory framework.

3. Data and methodology
3.1. Data

We are going to constrain the cosmological parameters of the the-
oretical y6CDM model with the late time observation data sets, which
are the OAO age data set, CC Hubble data set, and the Pantheon+ SNe
Ia data set. These data sets are physically distinct and uncorrelated.

3.1.1. OAO age data

We use the data from the age of old astronomical objects (OAO)
catalog prepared by Vagnozzi et al. [112], which is based on galaxies
and high-z quasars with redshifts up to z ~ 8.

They obtained galaxy data primarily from the Cosmic Assembly
Near-infrared Deep Extragalactic Legacy Survey (CANDELS) [128],
which covers all the five observation fields [129-131], and also in-
cludes 32 early-time galaxies [132] in the range 0.12 < z < 1.85. For
high redshift quasars, they considered 7446 quasars in the range 3 <
z < 5 from the SDSS Data Release 7 quasar catalog [133], 50 quasars
identified with GNIRS near-IR spectroscopy in the redshift range 5.5 <
z < 6.5 from the GEMINI program [134], and 15 quasars in the range
6.5 < z < 7 from the Pan-STARRS1 survey [135]. Additionally, the
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catalog includes the most distant 8 quasars with redshifts in the range
7 <z <7647 [136-143].

As they construct the OAO age data, Vagnozzi et al. [112] made
various cuts based on the quality of selected data and the catalog
is compiled by selecting the oldest objects from each redshift bin,
resulting in a total of 114 oldest astronomical objects, comprising 61
galaxies and 53 quasars, along with information on their ages and
redshifts.

Following [112] we model the posterior (log-)likelihood function
for OAO age data as half-Gaussian given by

2 2
In £(Z]0, M) = _% 2{ ét; 0)/0:

with 47, = 10, z;) — (Topji + T where #(6, z;) is the theoretical age of
the Universe at redshift z; calculated from the model, #,,;; is the age
of the OAO observed at redshift z;, and 7 is the so-called incubation
time, which represents the minimum time elapsed after the Big Bang up
to the formation of the OAO. Half-Gaussian choice of (log-)likelihood
function exponentially suppresses the parameter ranges that give theo-
retical age of the Universe less than the age of OAO plus the incubation
time. In contrast, the parameter ranges that give theoretical age of the
Universe more than the age of OAO plus the incubation time are equally
likely.

if A7,(6) <0

if A1,(0) > 0, an

3.1.2. CC Hubble data

We use data that are obtained through the cosmic chronometers
method [113] comprising 32 data points with low redshift (0.07 < z <
1.97). They are given in Table 1 of [21], complete with the correspond-
ing references. For the data points taken from [114-116] we follow the
calculation of the covariance matrix as shown in [117]. Since the rest
of the data points in Table 1 of [21] are uncorrelated with the data
taken from [114-116], we include them diagonally in the covariance
matrix. These remaining data points are taken from [132,144-148].
The chi-squared function for the 32 H(z) measurements is then defined
by

2ic=M"Cov™'M, 18)

where M = H°»(z;) — H''(z;) is the difference of the model prediction
from the observational data, and Cov~! is the inverse of the covariance
matrix.

3.1.3. Pantheon+ type Ia SNe data

The data we use to constrain our cosmological model parameters are
the Type Ia SNe distance modulus measurements from the Pantheon+
sample [119,120]. The Pantheon+ sample includes 1701 light curves of
1550 distinct Type Ia supernovae, with data samples ranging in redshift
0.001 < z < 2.26. All these data can be found in the GitHub repositories
of [121]. For the peculiar velocities of supernovae with low redshifts
not to affect our analysis, we exclude data with redshift z < 0.01.
Therefore, we use the data in the redshift range 0.01 < z < 2.26. The
Pantheon+ sample also incorporates SHOES [4] Cepheid host distances
to constrain the absolute magnitude parameter M.

The distance residuals are divided into two parts [119]:

Hdati — M.Cepheid , if i € Cepheid hosts

A=y, . 19
Hdati — Mmode1(2;) » otherwise .

The observed distance modulus is defined by

Hdar = mgorr - M. (20)

The corrected and standardized m{”" magnitudes are provided in the
Pantheon+ ‘m_b_corr’ column [121]. The model-dependent dis-
tance modulus is defined as [149]

d
Hmodel = 510819 (T]L)c) 21
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where d; is the luminosity distance that includes the model parameters.
It is given by [150]

ZHD dz'

H(Z)
where zy, is heliocentric redshift of SNe and zyp is the CMB frame
redshift with peculiar velocity corrections. These data are taken from
the ‘zhel’ and ‘zHD’ columns of Pantheon+ data file [121].

The absolute magnitude M is a parameter that is independent of
the cosmological model and depends on the dynamics of the supernova.
There is a degeneracy between H,, and M. We use the SHOES Cepheid
distance measurements (indicated by the ‘IS_CALIBRATOR=1’ in the
data file [121]) to break this degeneracy. We set absolute magnitude
M as a parameter. The parameter prior is taken to be uniform in the
range [—20, —18] [149,150].

We excluded data with low redshifts, z < 0.01. We thus have 1580
Hubble Diagram data points and 10 Cepheid distance (indicated by the
‘CEPH_DIST’ in the data file [121]) data points remained.

The chi-squared function for the Pantheon+ data is given by:

dp=c(1+2z5) (22)

2 =auTC Ay (23)

where Ay is the vector of distance modulus residuals as given in Eq. (19)
and C is the covariance matrix which includes the statistical and
systematic covariance matrices [121].

3.2. Methodology

To constrain the cosmological parameters of the yS§CDM model
we use the Bayesian inference method [151,152]. For the CC Hubble
and the Pantheon+ data sets this method finds the maximum of the
likelihood function,

L(T16, M) « exp -%xz(zw, M)] , 24

where, symbolically, M denotes the given model, I the data set and
0 the parameters of the model that are to be constrained. y2(Z|0, M)
is the chi-squared function, whose minimum value maximizes the
likelihood function.

In this work, we use the UltraNest! package [153] to derive pos-
terior probability distributions and the maximum likelihood function
with the nested sampling Monte Carlo algorithm MLFriends [154,155].
Nested sampling is a Monte Carlo algorithm that computes an integral
over the model parameters.

We perform the Bayesian analysis of the y§CDM model first with the
age data of OAO [112], then OAO age data together with CC Hubble
data, and finally OAO age data together with CC Hubble and Pantheon+
data sets. This way we analyzed whether the parameters of the model
remain in the same range for the distinct uncorrelated late time data
sets, and whether the fitted value of the Hubble constant H,, has a closer
value to SHOES result [4] or the Planck result [5]. For the joint data sets
the likelihood function is a multivariate joint Gaussian likelihood given
by (24). We also perform the Bayesian analysis of the ACDM model
with the same data sets to decide whether our model has more relevant
results compared to the standard model of cosmology.

y6CDM model has five cosmological parameters given by H,, £,,.
Q. v and 6 (15), and OAO age data needs two extra astrophysical
parameters. The parameter z is the so called incubation time, which
determines the time that passes from Big Bang until the formation
of oldest elliptical galaxies whose ages are included in the data set.
Whereas the parameter z, is the redshift at which the oldest quasars
are typically formed. There are expectations from astrophysical obser-
vations on the range of values for both z and z;, however, we opted to
determine them through the Bayesian analysis. The constrained values
of these parameters will be another test of the theoretical models. In

1 https://johannesbuchner.github.io/UltraNest/
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a cosmological model, if the value of incubation time, z, turns out to
be too small, or the redshift z, turns out to be too large so as to be in
conflict with the astrophysical expectations about the time scale of the
structure formation, then that model should be less relevant to describe
the history of the Universe.

For the radiation density today, £,,, we use the relation Q,, =
h=2(2469x1075)(1 + L(:)*3N, ) with N, = 3.046 as given in [156]
determined by the Stefan-Boltzmann law and the value of CMB tem-
perature. We fix the present value of the dark energy density, ©,,
in terms of other parameters at a(f;) = a; = 1 and then constrain
five cosmological and two astrophysical parameters via the Bayesian
analysis.

We choose the priors in order to scan the parameter space throughly.
For the parameters » = H;/100 and £2,,,, uniform prior distributions are
chosen, given by 0.55 < h < 0.85 and 0.2 < 2, < 0.4, respectively.
For Q,,, we choose logarithmic prior distribution given by —16 <
log;g 2,y < 0.0 due to its expected very low value. For the analysis
summarized in Table 1 logarithmic prior distribution is chosen for y
with 0.001 € y < 3.0 and uniform prior distribution is chosen for §
with 0.0 < § £ 0.772. The chosen values for the prior bounds on model
parameters are explained in [21].

For the oldest elliptical galaxies the prior for the incubation time 7 is
chosen to be Gaussian centered at 0.2 Gyr with standard deviation 0.1
Gyr. Vagnozzi et al. [112] use the incubation time distribution derived
in [157] and presented in [158] as prior (so-called J19 prior) for the
incubation time parameter z. As pointed in [159], J19 prior depends
“weakly” on the ACDM model and thus we opted for a simple Gaussian
prior for the parameter z. Use of the Gaussian prior or the J19 prior
does not affect the results in an important way [160]. Since our aim
in this paper is to analyze whether our y6CDM model has anything
new and different to say compared to the ACDM model, we do not
use radically different prior for the incubation time. Otherwise, the
comparison of our results with the ones reported in Refs. [112,159,160]
would be very difficult. It is possible that for the low redshift galaxies
in the OAO data the incubation times are larger. This possibility is
discussed previously in [112]. If such is the case, this will change
the posterior bounds on H,: “more stringent, yet less conservative,
limits” [112]. Nevertheless, we can justify the prior chosen for the
incubation time in the following way: J19 prior is obtained from
observation of globular clusters with very-low-metallicity stars [157].
These are the oldest stars in a galaxy and their incubation time gives a
plausible estimate of the incubation time for the galaxy. Additionally,
theoretical considerations indicate that the local dynamics determines
the timescale for star formation in galaxies and that is on the order of
100 Myr [50], which agrees with the prior we choose.

For the oldest quasars data set, we calculate the incubation time
as the age of the Universe at the quasar formation redshift z,. For
the quasar formation redshift, uniform prior is chosen in the range
10<z, <30 [157,161]. Thus in total seven parameters are constrained
with OAO age and CC Hubble data sets: two astrophysical parameters
(z and z,) and five cosmological parameters (H,, £2,9, £, v and
6). For the data sets that include Pantheon+ SNe Ia data we also
constrain the supernova absolute magnitude parameter M. The prior
for this parameter is taken to be uniform in the range —20 < M <
—18 [149,150].

4. Results and discussion

The age of the Universe at any redshift can be calculated by evalu-
ating the integral,
® dz'
t = _— 25
o) / 1+ 2)H() @5

that includes the Hubble parameter (15). Any object, observed at a
particular redshift z, is inside the Universe and thus its age calculated
via independent means should be less than the age of the Universe at
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Table 1

The posterior constraints with 68% confidence level on the free cosmological
(Hy, 2,0, 24, v and ) parameters of the y6CDM model and also astrophysical (r,zf
and M) parameters for different data set combinations, together with the posterior
constraints on the parameters of the ACDM standard model. Minimum values of the
chi-squared functions for both models are also presented. H, has units of km/s/Mpc.

Data set 0OAO OAO+CC OAO+Pan+ OAO+CC+Pan+
y6CDM
H, 6206593 66.02417 72657378 71.00118%
0.073 0.058 0.037 0.034
Q. 0266007 0.267+00°% 0.246%00%7 0254700
log,((Qy) <-10.18 <-10.42 <-1051 <-10.38
0.936 0.586 0.195 0.212
4 1 '023t().697 0‘846:).502 0‘550:).23(\ 0507:'().229
0.225 0.158 0.084 0.089
4 0. 174:),132 0. 151:)‘107 0.1 15t0.075 0. 104:),070
0.096 0.091 0.088 0.088
 (Gyr) 0173099 0.172+0%% 0.147+0088 0.156*0.05%
z 20631647 2072649 2072607 2047648
0.082 0.056
M —19.266*5 0% —19.31745 5%
min j* 0.0 14.50 1388 1405
ACDM
H, 624543 69.7435) 71.18*338 69.87*1 %2
Q 0 0 261+0070 0 286+0052 0 3234»0.017 0 »;204-0017
m . —0.044 " —0.046 T -0.017 Y0016
0.093 0.077 0.077 0.074
 (Gyr) 016409 0.120*09%7 0.0620977 0.078%0 07
7 20.70%% 20.82%0% 21257338 21.09%%47
0.076 0.054
M -193 lgtnm - 19'360:1.055
min j° 0.0 14.50 1390 1407

redshift z. This provides a constraint [20] on the possible models of the
cosmological expansion, since the age of the Universe depends on the
form of the Hubble parameter H(z) (25). As explained in Section 3.2,
this constraint is formulated in the Bayesian analysis as half-Gaussian
posterior (log-)likelihood function (17) for the age data of OAO.

We performed the Bayesian analysis of the y5CDM model with the
age data of OAO [112], as well as OAO age data together with CC
Hubble data and also together with Pantheon+ SNe Ia data, and finally
OAO age data together with CC Hubble and Pantheon+ data sets. This
analysis allowed us to see whether the parameters of the model remain
in the same range for the distinct uncorrelated late time data sets, and
whether the fitted value of the Hubble constant H,, has a closer value
to SHOES result [4] or the Planck result [5]. For the joint data sets,
the likelihood function is a multivariate joint Gaussian likelihood given
by (24). We also performed the Bayesian analysis of the ACDM model
with the same data sets to decide whether our model has more relevant
results compared to the standard model of cosmology.

We present the age-redshift diagrams for the OAO, together with
y6CDM and ACDM cosmological models in Fig. 1. In these diagrams red
and blue curves are drawn with the posterior values of the respective
model parameters, obtained after the Bayesian analysis. Furthermore,
age-redshift relation in the ACDM model with the Planck collaboration
values [5] is drawn with the green dashed curve. We have, clock-
wise from top-left, the age-redshift diagrams for the OAO, OAO+CC,
OAO+Pan+ and OAO+CC+Pan+ data sets. We remark that in all the
data sets the ySCDM model fits better the data sets than the ACDM
model. We note that the most prominent difference between the age-
redshift relations of two cosmological models is the OAO+CC data
set. These two data sets complement each other well: OAO age data
set includes absolute ages of the oldest astronomical objects, whereas
CC Hubble data depend on the differential age measurements [20].
Absolute age and differential age measurements are uncorrelated and
the y§CDM model fits better to this combined data set compared to the
ACDM model. This observation is corroborated by the posterior values
of the model parameters obtained with the Bayesian analysis.

We present the posterior constraints with 68% confidence level on
the free cosmological (Hy, £,,9. £2,. ¥ and §) parameters of the y§CDM
model, and also astrophysical (7, z r and M) parameters for different
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Fig. 1. The age-redshift diagram for the OAO, and the y5CDM and ACDM cosmological models. Red and blue curves are drawn with the posterior values of the respective model
parameters, obtained after a Bayesian analysis. Green dashed curve is the age-redshift relation in the ACDM model with the Planck collaboration values [5]. Clockwise from top-left
we have age-redshift diagrams for the OAO, OAO+CC, OAO+Pan+ and OAO+CC+Pan+ data sets. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)

data set combinations in Table 1. We also present the corresponding
likelihood and contour plots for 2D posterior distributions, with 1¢ and
20 confidence regions, for the free parameters in Fig. 2, together with
1D posterior distributions. Additionally, we combine the likelihood
and contour plots for 2D posterior distributions for the different data
sets in Fig. 3 to simplify the comparison of the results. These plots
are produced by GetDist [162]. Moreover, we provide marginalized
constraints for the parameters of the ACDM standard model (for which
there are only H, £, together with z,z,, M) in Table 1 again for
comparison purposes. Lastly, Table 1 also includes the minimum values
of the combined 2 functions, obtained via Bayesian analysis, for the
different data sets for both of the models. In the case of analysis with
only the OAO age data, the minimum of y? function turns out to
be vanishing for both models due to the half-Gaussian form of the
likelihood. In the cases of data set combinations, y§CDM model has
lower minimum y? values compared to the reference ACDM model.
In the case of Bayesian analysis with only OAO age data and OAO
plus CC data sets the 1o regions of Hubble constant are very large
and these data sets do not constrain the models effectively. This has
been also commented on in [20,160]. The reason of the poor fit is that
in the Bayesian analysis the posterior (log-)likelihood function is half-
Gaussian (17) for the OAO age data and the error bars for some CC
Hubble data points are very large. Nevertheless, the upper 16 bound
on H, is closer to the low-redshift value [4] than the high-redshift
value [5]. We note that large uncertainties in the OAO data set is
expected to cause the inferred posterior values of the cosmological
parameters to be less consistent with the actual value of those cosmo-
logical parameters, as demonstrated with a mock data in [160]. As the

uncertainties of the age measurements are made smaller with further
observations, the cosmological models will be better constrained and
the posterior bounds on cosmological parameters will get smaller as
well.

When we include more data, the quality of the fit increases dras-
tically. Both OAO plus Pantheon+ data set and all three data sets
combined constrain the model parameters with smaller 16 bounds. As
seen in Fig. 4, for both data sets, the 1o region of the posterior value of
the Hubble constant in the y§CDM model and the 1o region of the local
value of the Hubble constant [4] overlap. The effective matter density
in y5CDM model is calculated from Table 1 to be 2,,0/b; = 0.28570043

0035
in the case of OAO+Pan+ data set, and £2,,9/b; = 0.290+%93 in the case

of OAO+CC+Pan+ data set. Thus, the OAO age data toggglier with the
SNe Ia brightness data constrain the parameters of the y5CDM model
consistent with the value of the Hubble constant obtained by SHOES
collaboration via distance ladder [4].

However, the value of the Hubble constant inferred from the
Bayesian analysis with various data sets could not discriminate the
models. In Table 1 we note that the median and 1¢ values for Hubble
constant inferred for the ACDM model are in the same range as the cor-
responding values in the y§CDM model. The main difference between
two models is the value of the incubation time for the galaxies. Even
though the cosmological parameters of the ACDM model turns out to be
near the values obtained by low-redshift observations, the incubation
time in the ACDM model turns out to be consistently lower than the
values obtained in the y§CDM model for various data sets. With the
Bayesian analysis posterior values of the cosmological parameters, the
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Fig. 2. The likelihood and contour plots for 2D joint posterior distributions, with 1o and 2¢ confidence regions, for the free cosmological (H,, £,,. 2,,, v and ) parameters
of the y6CDM model and also astrophysical (z,z, and M) parameters for different data set combinations, together with 1D marginalized posterior distributions. Clockwise from
top-left we have 1D and 2D marginalized posterior distributions for the OAO, OAO+CC, OAO+Pan+ and OAO+CC+Pan+ data sets.

ACDM model fits the data with very low unrealistic incubation times
7. As explained in the following paragraphs in detail, the population
III stars are expected to form [163] at about z ~ 30 which corresponds
to the age of the Universe about 7;; ~ 100 Myr in the ACDM model.
Thus, the incubation time for galaxies should not be less than 100 Myr.
We further tested the ACDM model with SHOES value for the Hubble
constant H, = 73.30 + 1.04 km/s/Mpc [4] and fitted the matter density
and astrophysical parameters. The incubation times turned out to be
even lower: about 50 Myr on average with the data sets containing
Pantheon+ sample [119,120]. We then tested the ACDM model with
Planck values for the Hubble constant H, = 67.37 + 0.54 km/s/Mpc
and the mass density 2,0 = 0.3147 + 0.0074 [5]. The median values for
the incubation times turned out to be consistently near 110 Myr in all
data sets used. Such a value of the incubation time for the formation
of galaxies is also in conflict with the galaxy formation models [163].
In the following paragraphs we discuss this in more detail.

In Table 2 we present the age of the Universe at different redshifts
in both y6§CDM and ACDM models for various data sets, as well as in
ACDM model with cosmological parameters fixed by SHOES and Planck

results [4,5]. To calculate the age of the Universe with SHOES data we
use Hy = 73.30 + 1.04 km/s/Mpc [4] and choose 2,7 = 0.3. Due to a
relatively high value of the Hubble constant, the age of The Universe
at any redshift turns out to be smaller with this data compared to other
data sets. A higher choice of @,,, [164,165] would make the calculated
age even smaller and thus deepen the time-compression problem. For
the case of the Planck data we use H, = 67.37 + 0.54 km/s/Mpc and
Q,0 = 0.3147 £ 0.0074 [5].

According to formation models of early galaxies, population III stars
are expected to form as early as z ~ 30 [163], which corresponds to
the age of the Universe f;; ~ 100 Myr on average in the ACDM model
according to various data sets. In the ACDM model this value is smallest
when SHOES values is used and largest when the best fit to OAO age
data is used. The corresponding age at z = 30 in the y6CDM is larger by
30 Myr on average in different data sets. Therefore, there is more time
for the dark matter halos, and consequently the population III stars to
form [163] in the y6CDM model compared to the ACDM model.

The incubation time for the oldest quasars is obtained by data
analysis to be around z ~ 20 according to many studies [112,159,160],
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Fig. 3. Combined likelihood and contour plots for 2D joint posterior distributions, with 1¢ and 26 confidence regions, for the free cosmological (H,, £,,, 2, v and ) parameters
of the y5CDM model and also astrophysical (z,z, and M) parameters for different data set combinations, together with 1D marginalized posterior distributions.

which we also verified in the present work (see z r values in Table 1).
Additionally, in Table 2 we present the age of the Universe at average
z; = 20.5. We find the incubation time of the oldest quasars, equal to
the age of the Universe at z, = 20.5, to be as small as 7;; ~ 162 Myr if
SHOES values is used in the ACDM model. In contrast the incubation
time for the oldest quasars in the y5CDM model is longer by about 45
Myr on average in different data sets. Hence, there is more time for the
oldest massive quasars observed by JWST to form from an initial seed
of black hole of mass M, ~ 100 M [37].

Value of the incubation time for the oldest galaxies (the parameter
7 in Table 1) turns out not to be consistent among various data sets
in the ACDM model. The intersection of lo regions of the incubation
time, 7, in various data sets has the range 71.3 < t4cpy S 139.5 Myr
in the ACDM model. In contrast, in the y5§CDM model the value of
the incubation time for the oldest galaxies turns out to be consistent
among various data sets. In this model, the intersection of 1o regions
of the incubation time, 7, in various data sets has the range 80.5 <
Taepm S 235.2 Myr. We observe that in the ACDM model the age of
the Universe at the incubation of the earliest galaxies is in conflict with

the time of formation of dark matter halos and the population III stars
at z ~ 30 [163]. However, again y6CDM model allows more time for
these galaxies to form from the initial seed of very first stars and the
dark matter halos. See also Fig. 5 for a visual comparison of two models.

We stress that the modified time-redshift relation in the ys§CDM
model allows more time for the high density structures to form in the
cosmic dawn. Thus, in this model it could be possible for the quasars to
grow from initial seed black holes with modest masses without need to
assume super-Eddington accretion rates from its surroundings, unlike
the case in ACDM model [37,57]. Likewise, in this model there is more
time allowed for the galaxies to grow starting with initial formation
of dark matter halos and population III stars. We also note that in
the short time allowed for the first galaxies to form in the ACDM
model, efficiency of converting baryons into stars turns out to be too
high [30,43,166].

Even though the modified time-redshift relation allows more time
for the structures to form in high redshift, it does not affect the age of
the Universe today [58,59,157] substantially. As presented in Table 2
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Fig. 5. Age of the Universe compared with the posterior ranges of the incubation time, 7, as given in Table 1, in the y5CDM (left) and the ACDM (right) models. Values of the
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the oldest galaxies and the quasars to form from initial formation of population III stars and initial seed black holes, respectively, at redshift z ~ 30 in the y§CDM model compared

to the ACDM model.

for various data sets, at high redshift the age of the Universe is length-
ened in the y5CDM model by about 20%-25% with respect to ACDM
model, which allows more time for the structures to grow. At redshift
zero, however, the age of the Universe is lengthened only by a factor
of 3%-4%. Thus, this model lengthens the age of the Universe at high
redshifts where there is so called “time-compression” [42,55,58,59]
problem, unlike Early Dark Energy models [55]. Along with that, this
model does not unnecessarily lengthen [60] the age of the Universe
today in order to resolve the time-compression problem at cosmic
dawn.

Lastly, we would like to comment on the effect of the uniform prior
ranges for the cosmological parameters on the marginalized posterior
values of those parameters. As it is stated in Section 3.2, the uniform
prior range for the reduced Hubble constant in this paper (0.55 < & <
0.85) is narrower compared to the respective choices in [112] (0.4 <
h < 1.0) and [159] (0.0 < A < 1.5). The uniform prior range for 2,

chosen in this paper is the same as the choices made in [112,159]. To
assess the effect of the prior ranges on the marginalized posterior value
of H, and to analyze the scientific significance of the OAO age data, we
repeated the comparative Bayesian analysis for the y6CDM and ACDM
models with the prior choices of [112,159] for the Hubble constant.
As it is already observed in [159], the half-Gaussian likelihood favors
low values for the Hubble constant. Thus, what the OAO age data
constraints is actually an upper limit on H,,. In the case of uniform prior
0.55 < h < 0.85 chosen in this work and fitting only the OAO age data,
the upper 2¢ bound for the Hubble constant turns out to be H, = 76.20
in the y5CDM model and H, = 76.94 in the ACDM model. In the case of
uniform prior 0.4 < h < 1.0 of [112] and fitting only the OAO age data,
the upper 26 bound for the Hubble constant turns out to be H, = 73.60
in the y5CDM model and H,, = 74.71 in the ACDM model. In the case of
uniform prior 0.0 < 2 < 1.5 of [159] and fitting again only the OAO age
data, the respective values are found to be H, = 71.79 in the y6CDM
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Table 2

The age of the Universe with 68% confidence level calculated in y6CDM and ACDM
models at redshifts z = 30, z = z, = 20.5 and z = 0. For the various data sets we
used the posterior values of the cosmological parameters as presented in Table 1. We
also calculate the age of the Universe with high-redshift value of H, = 73.30 + 1.04
km/s/Mpc [4] and choose ©2,, = 0.3, and the low-redshift value of H, = 67.37 + 0.54
km/s/Mpc and @, = 0.3147 +0.0074 [5] in the ACDM model. z, = 20.5 is an average
value for the incubation redshift of the oldest quasars (see Table 1).

Data Set Model 1ty (30) (Myr) ty(zy) (Myr) 1y (0) (Gyr)
SHOES ACDM 93.06*] 34 161.6'32) 12.86101%
Planck ACDM 98.7311%2 17154350 13.80*020
0AO ACDM 116.4222 202.64373 15.68+23
y6CDM 147.5+387 248,588 14.8242%
OAO+CC ACDM 100.0%}32 173.8720% 13.6971%
y6CDM 1344723 2274384 14.09%137
OAO+Pan+ ACDM 92.38*3% 1604404 12,9740
y6CDM 121.54129 206.9*222 13.32409%
OAO+CC+Pan+  ACDM 04.43+502 1640755 13.2410%
11.8 203 0.87
y5CDM 120.5%108 205.6+203 13551087

model and H; = 74.19 in the ACDM model. In the case of the combined
data sets with the either prior ranges, the marginalized posterior values
for the Hubble parameter do not change significantly from the values
given in the second, third and fourth columns of Table 1. From these
analyses we conclude that the OAO age data is significant in restricting
an upper limit for the Hubble constant.

5. Conclusions

The ACDM model is the standard model of cosmology, since it
brings forth explanations to wide range of observational data with great
success. However, various tensions that have surfaced in last few years
show us that ACDM model might not be the “end of the story” [20]. The
late-time and early-time modifications of ACDM model have been fruit-
less so far to produce solutions to cosmic tensions [6,8-14,20]. Perhaps,
simple modifications in the ACDM model are not enough the resolve
the various cosmic tensions, but a new approach with a new model is
needed to reconcile the various observations of the various epochs of
the Universe. In this motive, the initial assumptions of contemporary
cosmology might need to be modified. Such modifications of the theory
of cosmology comprise mostly the alternative gravity theories, in which
the gravitational law of gravity is modified at cosmological scales. Even
though they are founded on a modified or alternative gravity, most
of these theories still construct their models based on a Friedmann
equation, in which extra terms of the alternative gravity field equations
are collectively interpreted as an effective energy-momentum tensor.
Therefore, such models should still be considered in the paradigm
of ACDM model. Effective energy-momentum tensor of such theories
usually bring forth modifications of the dark sectors, and thus change
early- or late-time physics inside the ACDM model.

In a previous work [21], we started a study of the cosmology of an
ellipsoidal Universe in the framework of f(R) theory of gravity with
a modified Friedmann equation. Since there are observational hints of
possible anisotropy in the distribution of matter and the geometry of
the Universe, as we summarized in the introduction, we modeled the
background geometry of the Universe with a Bianchi type I metric.
This distinguishes our work from other works based on f(R) gravity:
the Friedmann equation in our model is not in the general relativistic
form. We observed in [21] that the consequences of the modified
Friedmann equation (15) is far reaching. The contribution of the energy
densities to the Universe’s expansion is different than the ordinary
Friedmann equation. The modification is two-fold: firstly, the “bare”
energy densities are weighted by the coefficients b, (16), and secondly,
redshift dependence shifts by (1 + z)~® (15) compared to the standard
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ACDM model [156]. Both of these modifications depend on the value of
the § parameter (11). General relativistic limit is obtained for § = 0 as
expected. Existence of the § parameter is closely related to the existence
of the anisotropic stress £2,, [122] in the model. However, this modified
form of Friedmann equation do not allow existence of a cosmological
constant term in the theory [21]. Nevertheless, we included a dark
energy term with redshift dependence (1+z)”, with 0 < y < 2 that comes
from the matter Lagrangian. With the addition of the shift (1 + z)7°,
the dark energy sector in the modified Friedmann equation has redshift
dependence as (1+z)’~% (15). In [21] it is discussed whether the source
of this form of dark energy could be dark energy coupled super massive
black holes [167-170].

In the present work we tested the observational relevance of the
y6CDM model to the age problem by constraining its parameters with
the ages of oldest astronomical objects (OAO), prepared by Vagnozzi
et al. [112] based on galaxies and high-z quasars with redshifts up
to z ~ 8. OAO data requires a half-Gaussian for the (log-)likelihood
function and thus cannot constrain the model parameters completely.
Thus, we also best fit the model to cosmic chronometers (CC) Hubble
data [113-118] and the Pantheon+ type Ia SNe data [119-121] of
the late Universe at low redshift. We find that, thanks to modified
time-redshift relation, the y5CDM model has more plausible time pe-
riod at high redshift for the large and massive galaxies and massive
quasars to form, whereas the age of the Universe today is not modified
significantly.

There are many further cosmological tests to perform in order to
check viability of our model. Firstly we would like to test our model
with further data sets [165,171-173]. These data sets would probably
constrain the cosmological parameters of the model more and show
us the relevance of the y5CDM model to explain various cosmological
observations. The other important tension in the ACDM model is the
tension in the value of the growth parameter Sy [11,14,174,175].
We plan to analyze the value of the growth parameter in a future
publication and check whether Sg tension can be resolved in our model.
H, and Sy tensions might be connected, because as the value of H,
tends to decrease with increasing redshift, the value of Sy tends to
decrease with decreasing redshift in the ACDM model [20,176,177].
We will investigate whether our model might bring an explanation to
these trends.
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