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Abstract: The current study considers the initial boundary value problem for the thermoelastic model. The model in
which heat conduction is given by Green and Naghdi’s theory is called Type II. It is increasingly accepted that studying
the structural stability of the initial boundary value problem is crucial. This is because even minor changes in the
equation or its coefficients can lead to significant variations in the solution of the problem. From this point of view, we
analyze the structural stability of the solutions, specifically examining the continuous dependence of the solutions on all
the coefficients of the thermoelastic system, using the energy method.
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1. Introduction
Thermoelasticity deals with the behavior of elastic bodies, which are affected by the connection between
deformation and temperature fields. In 1838 Duhamel claimed the first time heat conduction theory in view of
Fourier’s Law. A century after this development, Green and Naghdi established the new thermoelastic theory.
They suggested three types of constitutive equations for the propagation of heat, which are identified as types
I, II, and III. Here, type I agrees with the Fourier’s model [7].
Although an increasing number of researchers have been intensively studying thermoelastic phenomena for a
century, studies on the propagation of heat without energy dissipation which is described by the type II heat
conduction theory, are limited. The following system is an example of a type II thermoelastic problem in one
dimension.

utt − αuxx + γ1θx = 0,

θtt − κθxx − γ2uttx = 0,

Some examples of remarkable studies are as follows:
Quintanilla [13] analyzed the type II thermoelastic problem with initial-boundary conditions and accomplished
the well-posed conditions. In [17], Wang, Han, and Xu examined the mixed thermoelasticity system of type
I and type II and subsequently established the well-posedness of the system. Furthermore, they obtained the
optimal polynomial decay rate. Han, Xu, and Tang [8] considered the initial boundary value problem for type
II thermoelastic systems with thermal effects in one dimension. They examined the asymptotic stability of the
system by using spectral analysis and showed its well-posedness. Magana and Quintanilla studied the initial
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boundary value problem for type II and type III thermoelasticity in one dimension, obtained the existence and
uniqueness of the solutions, and later examined how solutions behave [11]. Yang [18] analyzed the following
type II thermoelastic problem

utt − σ(ux)x − γ1θx +mut = 0,

θtt − κθxx − γ2uttx = 0,

ux(x, 0) = u0(x) > 0, θ(x, 0) = θ0(x) > 0,

ut(x, 0) = u1(x) > 0, θt(x, 0) = θ1(x) > 0,

proved the global existence of solutions and then obtained the solutions’ decreasing rates.
In this work, we investigate the structural stability of the solutions depending on parameters for the following
type II thermoelasticity problem with initial-boundary conditions.

utt − σuxx − γ1θx +mut = 0, x ∈ Ω, t > 0, (1.1)

θtt − κθxx − γ2uttx = 0, x ∈ Ω, t > 0, (1.2)

ux(x, 0) = u0(x) > 0, θ(x, 0) = θ0(x) > 0, x ∈ Ω,

ut(x, 0) = u1(x) > 0, θt(x, 0) = θ1(x) > 0, x ∈ Ω, (1.3)

u(x, t) = ux(x, t) = θ(x, t) = θx(x, t) = 0 at x = 0, L.

Here Ω = [0, L] , u and θ represent the displacement vector and absolute temperature difference, respectively,
σ, κ, γ1, γ2 and m are positive constants.
The subject of structural stability, which is the study of continuous dependence of solutions to initial-boundary
value problems, has been examined by researchers for many years. A few outstanding ones from these studies
are [1]-[5], [10], [14] and the references within them. We are aware of a small number of investigations on the
structural stability of thermoelastic problems (see [6], [12], [15] and the references therein).
In this paper, ||.|| and (, ) denote the norm and inner product on L2(Ω) .

2. A priori estimates
In this section, we drive the crucial priori estimates for the bounds of the norms of u and θ that we need to
prove the dependence on the coefficients of the problem (1.1)-(1.3).

Theorem 2.1 If [u, θ] is a strong solution of the problem (1.1)-(1.3), then the following estimates hold true

||uxtt||2, ||uxxt||2, ||θxt||2, ||θxx||2 ≤ M. (2.1)

Proof To obtain the desired priori estimates, we first differentiate the equation (1.1) with respect to t and
then multiply the resulting equation in L2 by γ2

γ1
uxxtt , so we get

d

dt
[
γ2
2γ1

||uxtt||2 +
σγ2
2γ1

||uxxt||2] +
mγ2
γ1

||utt||2 − γ2(uxtt, θxxt) = 0. (2.2)
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Multiplying the equation (1.2) by θxxt in L2 we have

d

dt
[
1

2
||θxt||2 +

κ

2
||θxx||2] + γ2(uxtt, θxxt) = 0. (2.3)

Adding equations (2.2) and (2.3), we obtain

d

dt
E(t) = −mγ2

γ1
||utt||2,

where

E(t) :=
γ2
2γ1

||uxtt||2 +
σγ2
2γ1

||uxxt||2 +
1

2
||θxt||2 +

κ

2
||θxx||2.

By virtue of Gronwall’s inequality, we deduce the following bounds

||uxtt||2, ||uxxt||2, ||θxt||2, ||θxx||2 ≤ M,

where M > 0 is a constant. 2

3. Continuous dependence on parameters

Our aim in this section is to prove the continuous dependence of the solutions of the problem (1.1)-(1.3) on the
coefficients σ, γ1, γ2,m , and κ .

3.1. Dependence on the coefficient σ

Theorem 3.1 Suppose that [ui, θi] , i = 1, 2 is a solution of the following problem

uitt − σiuixx − γ1θix +muit = 0, x ∈ Ω, t > 0, (3.1)

θitt − κθixx − γ2uittx = 0, x ∈ Ω, t > 0, (3.2)

uix(x, 0) = u0(x) > 0, θi(x, 0) = θ0(x) > 0, x ∈ Ω,

uit(x, 0) = u1(x) > 0, θit(x, 0) = θ1(x) > 0, x ∈ Ω. (3.3)

Then the following inequality holds true for u = u1 − u2 and θ = θ1 − θ2

γ2
2γ1

||utt||2 +
1

2
||θt||2 +

κ

2
||θx||2 ≤ σ2M1e

c1t, (3.4)

where M1 and c1 are positive constants independent of σ .

Proof To examine the continuous dependence on the coefficient σ , we let (u1, θ1) and (u2, θ2) be the solutions
of equations (3.1) and (3.2) with identical initial and boundary conditions but different σ coefficients. So let
us define

u = u1 − u2, θ = θ1 − θ2 and σ = σ1 − σ2.
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By substituting (u1, θ1, σ1) and (u2, θ2, σ2) into equations (3.1) and (3.2) for and then subtracting the rest
expressions side by side, we obtain the following equations

utt − σ1uxx − σu2xx − γ1θx +mut = 0, (3.5)

θtt − κθxx − γ2uttx = 0 (3.6)

with homogeneous initial and boundary conditions. To perform continuous dependency analysis, we differentiate
the equation (3.5) with respect to t and then multiply the resulting equation by γ2

γ1
utt in L2 , and we get

d

dt
[
γ2
2γ1

||utt||2 +
σ1γ2
2γ1

||uxt||2] +
mγ2
γ1

||utt||2 −
σγ2
γ1

(utt, u2xxt)− γ2(utt, θxt) = 0. (3.7)

Multiplying the equation (3.6) by θt and integrating in L2 , we have

d

dt
[
1

2
||θt||2 +

κ

2
||θx||2] + γ2(θxt, utt) = 0. (3.8)

Gathering (3.7) and (3.8), we obtain

d

dt
E1(t) =

σγ2
γ1

(utt, u2xxt)−
mγ2
γ1

||utt||2, (3.9)

where

E1(t) =
γ2
2γ1

||utt||2 +
σ1γ2
2γ1

||uxt||2 +
1

2
||θt||2 +

κ

2
||θx||2. (3.10)

Using Cauchy inequality with ϵ for the first term on the right side of (3.9) and using the appropriate bound in
the inequality (2.1), we obtain

d

dt
E1(t) ≤ c1E1(t) + c2σ

2M1.

By Gronwall’s inequality, we have the desired result where M1, c2 are positive constants independent of σ .
2

3.2. Dependence on κ

Theorem 3.2 Suppose that [ui, θi] , i = 1, 2 is a solution of the following problem

uitt − σuixx − γ1θix +muit = 0, x ∈ Ω, t > 0, (3.11)

θitt − κiθixx − γ2uittx = 0, x ∈ Ω, t > 0, (3.12)

uix(x, 0) = u0(x) > 0, θi(x, 0) = θ0(x) > 0, x ∈ Ω,

uit(x, 0) = u1(x) > 0, θit(x, 0) = θ1(x) > 0, x ∈ Ω. (3.13)

Then the following inequality holds true for u = u1 − u2 and θ = θ1 − θ2

γ2
2γ1

||utt||2 +
σγ2
2γ1

||uxt||2 +
1

2
||θt||2 ≤ κ2M2e

c4t. (3.14)

where M2 and c4 are positive constants independent of κ .
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Proof Let us define
u = u1 − u2, θ = θ1 − θ2 and κ = κ1 − κ2

by following the same path that we have followed in the proof of the previous theorem when we analyze the
structural stability of solutions on κ . If we write the system (3.11) for (u1, θ1, κ1) and (u2, θ2, κ2) and substruct
them each other we get

utt − σuxx − γ1θx +mut = 0, (3.15)

θtt − κ1θxx − κθ2xx − γ2uttx = 0. (3.16)

Taking the derivative of equation (3.15) with respect to t and multiplying the resulting equation by γ2

γ1
utt in

L2 , we get
d

dt
[
γ2
2γ1

||utt||2 +
σγ2
2γ1

||uxt||2]− γ2(utt, θxt) +
mγ2
γ1

||utt||2 = 0. (3.17)

Multiplying the equation (3.16) by θt and integrating it in L2 , we have

d

dt
[
1

2
||θt||2 +

κ1

2
||θx||2] + γ2(θxt, utt)− κ(θt, θ2xx) = 0. (3.18)

By side by side addition of equations (3.17) and (3.18), we obtain

d

dt
E2(t) = κ(θt, θ2xx)−

mγ2
γ1

||utt||2, (3.19)

where

E2(t) =
γ2
2γ1

||utt||2 +
σγ2
2γ1

||uxt||2 +
1

2
||θt||2 +

κ1

2
||θx||2. (3.20)

Using Cauchy Inequality with ϵ for the first term of the equation (3.19) and using the appropriate bound in
the inequality (2.1), we have

d

dt
E2(t) ≤ c4E2(t) + c5M2κ

2.

Due to Gronwall’s inequality, we get the desired estimate, where M2 and ci (i = 4, 5, 6) are positive constants
independent of κ (3.14). 2

4. Remark
If the path above is followed, the structural stability of the solutions to the problem (1.1)-(1.3) will be shown
obviously.

5. Conclusion
In this study, we consider the model in which the heat conduction is given by the theory of Green and Naghdi,
known as Type II. After establishing a priori bounds, we demonstrate the structural stability of the thermoelastic
system.
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